REFLECTION POSITIVITY AND MONOTONICITY

ARTHUR JAFFE AND GORDON RITTER

ABSTRACT. We prove general reflection positivity results for both scalar fields
and Dirac fields on a Riemannian manifold, and comment on applications
to quantum field theory. As another application, we prove the inequality
Cp < Cpn between Dirichlet and Neumann covariance operators on a manifold
with a reflection.

1. INTRODUCTION

Reflection positivity (RP) provides the fundamental relation between functional
integration and quantization. Osterwalder and Schrader formulated this notion in
an attempt to understand the special case discovered by Symanzik [17]—elaborated
by Nelson [14, 13], and by many authors since—between Markov random fields and
quantum fields. The Osterwalder-Schrader theory not only pertains to classical
probability theory, but also makes it possible to incorporate theories with spin
(fermions and gauge theory), and provides the possibility to quantize differential
forms. In quantum theory it leads to an analysis of the Hamiltonian and to other
symmetry groups, see for instance [5, 12, 10, 4]. RP also pertains to the framework
of statistical physics on a lattice, where it leads to an analysis of the transfer matrix.
As a result of the importance of RP, several different ways to understand it appear
in the literature.

In this paper we analyze some properties of RP, monotonicity, and static space-
times. In particular we analyze RP arising from the Green’s function for the Laplace
operator under general conditions, leading to a positive inner product distinct from
the standard positive inner product given by the Green’s function for the Laplacian.

We also analyze the case of a general Dirac operator compatible with time reflec-
tions. This case presents new phenomena, as the Green’s function for the Euclidean
Dirac operator is not positive. However, using time-reflection, we establish the ex-
istence of a positive inner product and a corresponding Hilbert space, providing a
general framework for quantization in this case as well.

2. REFLECTIONS AND THE LAPLACE OPERATOR

Let M be a complete, connected Riemannian manifold without boundary, and
with isometry group G. Let U denote the natural unitary representation of G on
L?(M), defined on a dense domain by

Upf == fY=foy™ for ¢eq. (1)
Let V denote the Levi-civita connection on M associated to the metric. Let

A = Ap = V*V denote the (negative-definite) covariant Laplacian, defined ini-
tially on the domain CS°(M) of smooth functions of compact support. Under our
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assumptions, it follows that A is essentially self-adjoint on this domain ([6]; see
also [2]), and so naturally we consider the unique self-adjoint extension and use the
spectral theorem accordingly. The operator U, commutes with A, which can be
seen by writing A = d*d on 0-forms. The resolvent C' = (—A+m?)~! is a bounded
operator on L2(M). Tt also follows' that [Uy, C] = 0, which becomes C'f¥ = (C f)¥
in the notation of eq. (1).

For 6 € G, the fized-point set is the set

M® ={peM:06(p)=p}.

The isometry 6 is said to be a reflection if df, is a hyperplane reflection in the tan-
gent space for some p € M?. In this case, M? is a disjoint union of totally geodesic
submanifolds, at least one of which is of codimension one [1]. Any codimension-one
component of MY is called a reflection hypersurface.

To formulate a general notion of reflection positivity, let M be a complete con-
nected Riemannian manifold with a reflection 8. Let Q C M be a submanifold with
boundary 02, such that 0f) is contained in a union of reflection hypersurfaces. Let
f € L?*(M) be a complex-valued function with support .#f, which is of class C?
(i.e. all second derivatives are continuous), such that

() € and vol(QN.%) =0. (2)
We do not assume that 6 is disecting, i.e. that M \ M? is disconnected.

Example 1. Choose coordinates (¢,7) on R?, and define R? and RZ to be the
half-spaces with ¢ > 0 or ¢ < 0 respectively. Let f be such that .7y C R‘j_, and
Q C R4 with 0Q C {t = 0}.

Example 2. Let T be a Riemann surface with an antiholomorphic involution 6 :
T — T, such as #(z) = 1/Z on the Riemann sphere. Accordingly, write T'= T_UT},
where Ty are closed, 7% = 9Ty, and 0 : Ty — T_. Let %y C T} and Q C T_ with
00 C TY. For the Riemann sphere, T? is the unit circle |z| = 1.

Theorem 1. Let M be complete and connected with a reflection . Let f and Q
be as above. Then

0<(f%,0f). 3)

Proof. For u,v : M — C, let (u,v) = uwv dV, where dV denotes the natural
Riemannian volume measure on M. Define v = Cf and note that, by eq. (2),
C—u? = (C~'u)? = f? has support in 2. Hence

U 0y — U _lue = U _1u9 — _1u u9
(u, %) /Q<,c >/Q[<,c )= (Ctu,u®)], (4)

where the second equality holds because C~'u = f is zero a.e. in Q. Let n denote
the unit normal vector to Q. Now in (4), replace C~1 with —A +m? and integrate
by parts to find

0 = w,u’) — (u, Au®)] = WV, u—u uf .
' = [ G - i) = | v a-avatas. )

For p € 09, it clear that df, = d9;1 = diag(—1,1,...,1) in a coordinate basis
for T, M where the first coordinate is in the direction of n,, and the other directions

ISee for instance [11, Theorem IIL.6.5].
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are tangential to 9. Hence (V,u’), = —(V,u),. Using this (and the identity
u? = u on 9N) to simplify the second term in (5), we have

(fl,cfy=2% | wuv,u dS
o0

where R denotes the real part. We now show that this quantity is real (and positive),
completing the proof.

/ (un,V) dS = / (unaVeu) dS:/Va(uV“ﬂ) dv
o9 o9 Q

/(VauV“E—FuAE) dVv
Q

/Q (IVul® + m?[u?) dV > 0. (6)

To obtain (6) we used that Au = m?u a.e. on (2, which holds since Q N .7} has
measure zero. O

Theorem 1 has applications to quantum field theory. For curved spacetimes
which possess both a Riemannian and a Lorentzian section (such as the Schwarzschild
black hole), eq. (3) is the inner product in the one-particle space for scalar fields,
and the positivity of this inner product is one of the cornerstones of the Euclidean
approach. This was discovered by Osterwalder and Schrader [15, 16] for R¢, and
generalized to curved spacetimes in [9, 10]. From the proof of Theorem 1, we see
that (f?, Cf) is twice the Euclidean action applied to the potential v = Cf, in the
region 2.

The action functional for a general scalar quantum field theory on a curved
background may include a term of the form R, where R is the Ricci scalar, and &
is a real coupling constant. The special case & = 0 is called minimal coupling; we
now discuss the general case.

Let M be a complete connected Riemannian manifold with a reflection 6. Let
R be the Ricci scalar and ¢ € R be such that

0<m?+ER, (7)

everywhere on M. Then —A + m? + (R has a self-adjoint extension which is
invertible, and thus we define

Ce=(—A+m?+E&R)L

Theorem 2. Let M be a complete connected Riemannian manifold with a reflection
0, and assume the curvature bound (7). Let f be as above. Then

0<(f°,Cef)- (8)

Proof. Following the same steps as leading to (6), we have

(f9.Cef) = 2/Q [[Vul> + (m* + R)|ul?] dV.

The conclusion follows. O
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3. COMPARISON OF DIRICHLET AND NEUMANN COVARIANCE

Glimm and Jaffe [8, 7] discovered that reflection positivity for free Euclidean
fields is equivalent to the operator-monotonicity of the Green’s operator C, as one
varies boundary conditions on the ¢ = 0 plane. More precisely Cp < Cp, where
D, N denote respectively the classical Dirichlet or Neumann boundary conditions at
t = 0. The proof remarks that Green’s functions satisfying Dirichlet and Neumann
boundary conditions can be obtained using mirror charges, and these representa-
tions lead to reflection positivity. De Angelis, de Falco, and Di Genova [3] used
this property to give a simple proof of reflection positivity for manifolds with an
isometric involution 6; we also use this method here.

We first discuss Dirichlet and Neumann conditions on manifolds in general, and
then in the special case of a reflection, give a simple proof of the fundamental
inequality Cp < Cly.

Lemma 3. Let M be complete and connected with a reflection 6. Let & C M be a
submanifold with boundary 00 C M?. Let Cp y denote the resolvent of the Laplace
operator on L?(0) with either Dirichlet (D) or Neumann (N) boundary conditions
on 00. Then

1
C’D:(I—UQ)C, C’N:(I+U9)C, and U@CZQ(CD—CN) on LQ(ﬁ).
Proof. Write C' in integral form with kernel €, so that

(Cf) () = /M € (2,9)f(y) dvol,

where vol is the Riemannian volume measure; in coordinates dvol, = (det g;)"/%dz.
Note that € : M x M — R is not defined on the diagonal x = y. The two
fundamental properties of the kernel ¢ are invariance under the diagonal action of
G C G x G, and that it is a Green’s function. Thus

¢ (gz,9y) =C(z,y) Vge G, and (A, +m?)EC(z,y)=6.(y).

To prove the second property, write
£@) = (~A+ m)CH@) = [ (-8 +m2)6(a,) ) dvol,.

Then by definition, (—A, + m?)% (z,y) = §.(y) as distributions.
Since [C,Uy] = 0, the integral kernel of UpC' is €' (0x,y). Thus the kernel of

(I - U@)C is

k_(z,y) :=%(x,y) — €(0z,y).
Clearly for x € 00 or y € 00, we have k_(x,y) = 0, so k_ satisfies Dirichlet
boundary conditions. Also,

(_Az + mz)k,((t, y) = 5m(y) - 51(03/)

For x € O, it follows that §, o 6 vanishes for test functions supported in &, and
hence k_ is the Dirichlet Green’s function in &. Now

ki (2,9) = %3, ) + € (03, )
is also a Green’s function in & for the same reason. Let €, (x) = € (x,y) and let
O, denote the normal derivative in the variable x on the boundary 0¢. Then

On(C)p = —0n6,l, for pedo.
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It follows that d,k+ = 0 on 00, so k4 is the Neumann Green’s function on O,
completing the proof. ([

We now prove the operator inequality stated previously. The result is known for
M = R?, though the proof which has appeared in the literature is complicated due
to delicate issues concerning the domains of self-adjoint operators and associated
quadratic forms. We present a simpler proof that also generalizes to manifolds.

Theorem 4. Let M be complete and connected with a reflection 6. Let O be a
submanifold with boundary 00 C MY. Then

CD S CN on LQ(ﬁ).
Proof. By Lemma 3, for f € C°(0), we have

Now apply Theorem 1 with Q2 = ¢ U 0&. The boundary of  is the same as the
boundary of @, and the common boundary is contained in M?. The support Ly
of f is disjoint from € (up to sets of measure zero), so Theorem 1 can be applied.
Thus (9) is positive and Cp < Ciy as desired. O

4. THE DIRAC OPERATOR

A certain sense of mystery surrounds Euclidean fermions. It revolves about two
issues, the more elementary of which is whether the Euclidean Green’s functions are
reflection positive. In the case of Pfaffian or determinantal imaginary-time Green’s
functions, this reduces to the question of reflection positivity for the pair correlation
function. In the following, we resolve this question in the affirmative, giving a proof
that is at once very simple, and very general; our proof applies to any bundle of
Clifford modules over a static manifold.

4.1. Clifford Bundles. Let M be a Riemannian manifold. The Clifford algebra of
the cotangent space T M (with its natural inner product) will be denoted Cl,, and
the association of the vector space Cl, to the point = defines the Clifford bundle
Cl(M) — M.

Now suppose E — M is a Hermitian vector bundle such that each fiber E, is a
Hermitian Cl,-module in a smooth fashion. Let I'(E) denote the space of smooth
sections, and let I'(E; &) denote the space of local sections over an open set & C M.
Extend the notation to allow & to be a submanifold with boundary.

Let E — M be endowed with a connection V. Since E, is a Cl,-module, the
inclusion T} (M) C Cl, gives rise to a natural bundle map m : T* ® E — E called
Clifford multiplication. Explicitly, we have a sequence

I'E) —— I(T*®E) —=— T(E). (10)

Denote Clifford multiplication simply by £ - v := m(§ ® v). Composing the maps
(10) gives the Dirac operator

J = mV : I'(E) — T(E).

Many computations are facilitated by the use of local coordinates. Let & be an
open subset of M on which we have defined an orthonormal frame {e;} of tangent
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vector fields, and let {v;} denote a dual coframe of 1-forms. For ¢ € I'(E; ©), the
above definitions imply that

Jo=> v Ve, 0.
J

A Clifford connection on FE is a metric connection V that is a derivation with
respect to Clifford multiplication, i.e.

Vx(w-s)=(Vxv)-s+v-Vxs

for a vector field X, a 1-form v, and a section s. In the first term, V xv denotes the
Levi-civita connection on M, while in the second term V x denotes the connection
on E.

If V is a Clifford connection on a boundaryless manifold, then @ is a skew-
symmetric operator on the domain of smooth, compactly supported sections [18,
Prop. 1.1, p. 246].

4.2. Reflection Positivity. Let M be a complete Riemannian manifold. Further
assume M is static; then there are coordinates (z° : 0 <4 < d—1) such that 9/92°
is a hypersurface-orthogonal Killing field. In many examples from physics, 2° plays
the role of (Euclidean) time, so we also write t = 2°.

Corresponding to the local frame 9/0x% is a dual frame of one-form fields, dz*.
Let 4% denote the operator of Clifford multiplication by dx?, so that v*(v) = dx; - v.
Then

(7'} =2¢"1, (11)
where g% is the inverse metric, and I is the identity on fibers of E. Since the
coordinate ¢t = ¥ is determined (up to a constant) by the geometry, the operator °
does have a coordinate-free meaning, whereas in general, v* for i # 0 are coordinate-
dependent.

Locally, a static metric takes the form

ds® = F(z)dt? + Gop(x)dzda®. (12)

where I and G are t-independent functions. After an arbitrary choice of a time-
zero slice ¥ = {t = 0}, M has the structure

M=Q_UXUQy,, 0Ny =%
Let €: Q4 — Q_ be the natural reflection map, which in coordinates is given by
€(t7 y) = (_t7 y)7

where y is a coordinate on X. This induces a pullback map €* acting on sections of
E. Let 9 = «%*. Note that

{0,3} = {706*,273'%_7.} =0. (13)

To prove (13), note that the j = 0 term vanishes since {€¢*,V.,} = 0, while the
other terms vanish because {7°,~7} = g% = 0.

Theorem 5. Let E — M be a holomorphic Clifford bundle with Clifford connection
V. For a smooth section ¢ € T'(E; Q) supported in Q4 , we have

0< (W, (§—m)~'¢) .
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Proof. Let u = (¢ —m)~'¢ and u’ = Yu, so we have
(09,(@—m)~'¢) = (@ —m)u,u) = (IPu,u) — m{u’,u)
_ _/Q (B, u) + mu? )]

. / [(#u? 0 +m )+ (@ —m))] (14)

— —i/ [(Du’ u) — (u’, Du)] (15)

where we used {¢,@} = 0, and to obtain (14) from the previous line, we used that
(@—m)u=0o0nQ_.
By [18, p. 247], for any sections «, 8 of E we have

div X = —i[(Da, 8) — (a, DB)]

where X is the vector field defined by (X,v) = (a,v - B)g for v € QY (M). Apply
this with o = u¥ and 8 = u so, using (15), we have

(D, (@ —m)~Lo) = divX dv,
o
where (X,v) = (Yu,v - u)g and dV is the volume element on M.
On 3, the outward-pointing unit normal to €2_ is the Killing vector 9; divided
by its norm, i.e. 7 = F~1/20,, where F is defined in eq. (12). Let v denote the
1-form dual to 7, so v = v/Fdz°. Then by the divergence theorem,

/ divX dv= [ (X,v) dS.

o o9

On ¥ = 9Q_, € is the identity map and so u? = 4°(u). Also, v -s = vF4°(s), so
we have

(X, v)={(u, v- u>E = (7"(u), \/Fvo(u)>, (on X).

Hence

(96, (§ —m) "' o) :/ div X dV:/ (°(u), VF7°(u)) dS>0.  (16)

- Q-
g

The power of Theorem 5 lies in its generality; the result is valid for any Clifford
connection on any vector bundle over a static manifold. This includes as particular
examples the Dirac operator on the spinor bundle S (]5) over a manifold with a
spin structure P — M, as well as the “twisted Dirac operator” Dg on the tensor
product £ = S(P) ® F, where F is a bundle with metric connection.

As a corollary to Theorem 5, we infer the existence of a Hilbert space ¢ whose
inner product is given by

(5,8 )p = (Us, (@ —m)~'s").

Precisely, ##p is the completion of the coset space T'(E; Q1 )/ Ap, where A is the
kernel of the form (-,-)p. The space #p can be interpreted as the one-particle
space for a theory of fermions on the spacetime M.



8 ARTHUR JAFFE AND GORDON RITTER

4.3. Flat Spacetimes. It is very useful to see the abstract framework of the last
two sections worked out in the explicit example of M = R<. In this case, we also
prove reflection positivity by Fourier analysis.

For an integral operator C' on L?(R?), we use the convention

Cf(x) = / Ol ) f (v)dy.

For C = (—A + m?)71, the kernel is translation-invariant, so we write C(z,y) =
C(z — y), and we may obtain the latter explicitly via the Fourier transform

e~ w(z—y)

p2+m2 dp

Cla,y) = Clz —y) = (2m) /

Note that C(x —y) = C(y —x) = C(y — z). It follows that the integral kernel of
0,C is equal to 0,C(z —y).
Let «y;, for j = 0,...,d—1, be a set of Hermitian operators? on a complex Hilbert
space V satisfying:
{vi, v} = 26i; 1.
Denote p = Z?;Ol ~ipi, with @ defined similarly. This arises from the general theory

of Section 4.1, by setting £ = R? x V, a trivial Hermitian vector bundle over R¢
with standard Riemannian and Clifford structures. Then

P = %{P’P} = %Zpapb{va,%} =p°l.
a,b

Similarly, &= A, s0 —(@+m)(@—m)=—-A+m?=C"1 and hence
(@—m)™" =—(@+m)C.
Let e(xg, Z) = (—x0, ) be a coordinate reflection. For f : RY — V. define
(W) (z) = 7 f(ex). (17)
It follows that ¥ is a self-adjoint operator on L?(R%, V) with 92 = I.

1 is reflection-positive in the sense that

Theorem 6. The operator (§ —m)~
(0f, (@ - m)_1f> >0 for suppf C{zo > 0} (18)

We give two proofs of Theorem 6; one by Fourier analysis and one by potential
theory.

Proof (Fourier analysis). By direct calculation,

0 _ .0 (00 i e P
@ +m)C(x) = — /dpodp (7 (—ipo) + ZVJ(—ZPJ‘) + m)]m )
7>0
By contour integration, for any ¢ € R we have:
e—ipot ,n_e—\t|w e—ipot
——— dpy = , ——— dpy = —ime ¥,
/p%—i—wQ Po w /po R tw? Po m

2An example in d =4 is v = (?é),and Vi :i(_gj UOJ) for j=1,2,3.
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/2,

We use these formulas with w = (52 + m?)/2, and t = xg. So,

—Jtlw 9=
e .
ﬂ/ (e“t'“ +— [ZWM pi— m%D —PE gy

efltlw RN
™ / Ae~iPZ 45,
w

—7%(@ +m)C(x)

where we define

7= i7"y, w= (ﬁ2+m2)1/2, and A=wl+7-p—my.
Here, each component 1; and A are d x d matrices, and A has p-dependent matrix
elements. The matrix = 77-p'—m~o is Hermitian with Q% = w21, hence A = wI -+
has eigenvalues 0,2w. In particular, A is a positive matrix. The rest of the proof

depends only on the property A > 0 and not on the details of A. To complete the
argument, we now have

WOF, @ —m)" F) = (0@ —m) " f)
— _/ <de/ >Ody<f(—mo,i")7 o (@, +m)C)(x — y) f(y))

e—\mo—yo\w I
/ dx/ dy/dp —xo, T 7 A——— e T_y)f(y)>
z0<0 Y0>0 w

/dﬁ)/eiﬁ'f—wow ; /f(x)d:r’ > 0.

Proof (potential theory). We will now give a second proof of (18), which follows the
proof of Theorem 5. Rather than integrating out py in the Fourier transform, we
will instead use integration by parts to reduce the expression to a boundary term.
Note that {9, @} = 0, as may be proved directly, or deduced as a special case of
(13).

Define v = (¢ — m)~'f and let u’ = Yu = y’¢*u. Then

OF. (@ —m)Vf) = /Q (0(F — mu, u) dx = - /Q (#u? 4} + miu, )] de

—/ (a?u) + (W (@ — m)u) + mla,u)] de (19)

- /Q (B ) + (u”, Fu)] da (20)

To obtain (19), we used that (@ — m)u = f is zero on Q_. 3

Now perform integration by parts on the first term in (20), moving the @ onto
the uw. All of the non-surface terms cancel. There is no boundary in the spatial
directions, so we only need to compute the boundary term which occurs at the
t = 0 plane. To do this, consider

o0

- dao (Y000 (9u), u) = / lul?d®*z + (non-surface terms).
0 20=0

31t is interesting that in (19), the explicit mass term cancels out. Thus all of the m-dependence
is contained in u, which depends implicitly on m through the equation (@ — m)u = f.
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Here we used that Yu = v%u on the boundary, and (%)% = I. Then
OF, (@ —m)~1f) = / uf2 d1z > 0.
IQIO

The resulting formula for the fermionic inner product is the special case of (16)
with F = 1. O

5. FURTHER DIRECTIONS

A more subtle question arises when one asks whether one can obtain a represen-
tation of these Euclidean Green’s functions as expectations of “classical” Euclidean
fields. Berezin proposed some time ago that classical fermion fields take values in
a Grassmann algebra.

Osterwalder and Schrader demonstrated that one can have Euclidean Dirac
fields. But they showed that one must double the number of degrees of freedom:;
in this way they introduced a Euclidean Dirac field ¥ that is independent from
(anti-commutes with) its Dirac adjoint field W. The existence of a representation
of the Dirac propagator as an expectation of products of Euclidean fields on curved
spacetimes is, at present, an open question. The results in this paper show that a
representation in terms of Euclidean Fermi fields is a reasonable thing to expect.
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